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Abstract

Omid Rezaifer and Hossein Rezaee [Appl. Math. and Comput. 188, 1445 (2007)]
presented a method of finding the determinants of a matrix in 2007. In this paper we
present a new approach of this method which makes it more general. We used Choi’s
condensation method and determinant of minor of a matrix in this approach.
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1 Introduction

F. Choi, H. Eves, Jacobi, Q. Gjonbalaj, and A. Salihu have given some methods to obtain
the value of determinants along with some properties of these determinants. In this paper we
developed a new approach to compute the determinants of matrices of the order n x n given
by Omid Rezaifer and Hossein Rezaee [6].

2 Preliminaries

In this section, some basic definitions are given and some preliminary result are proved. More-
over, the formulas given by Omid Rezaifer and Hossein Rezaee are discussed.
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ai; Q2 - QAlp
143 . . o1 Q22 -+ QA2p
Definition 2.1: Consider a n X n matrix, A = | | o P
anl an2 - ann
then the minor matrix of A is
mir Miz -+ My
Moy Mg -+ Map
M = ' ’
Mp1 Mpg My,
where
a11 a12 ‘e al(j—l) al(j+1) e Q1n
a21 Q22 Tt a2(j-1) A(j+1) - Aon
Mmi; = | Qi-1)1 Qi-1)2 - Q6i-1)(G-1) Q6i-1)G+1) °“°° Ql-1)n
ai+1)1 Qgi+1)2 0 A6+ (G-1)  A6E+DG+) T Aat+n
CLnl an2 P a”rb(]—l) an(]+1) . .. ann

Definition 2.2: Let A = (a;j)nx, and m;; be minors of elements in A, then C' = (¢;;)nxn is
called co-factor matrix of A, where ¢;; = (—=1)"m;.
Definition 2.3: The transpose of co-factor matrix of matrix A is called adjoin of matrix A

and is denoted by adj(A).
Definition 2.4: If A is an n X n nonsingular square matrix then the matrix B is said to be in-
verse of matrix A if AB = BA = I,,, where I,, is a unit matrix. Thus if A~! is inverse of A, then

AAY =1, (1)

Also

IR
A = o) 2)

Theorem 2.1 (Choi’s Theorem):([1],[3],][5],[6])
Let A be m x m matrix as:

11 Az - Aim

Q21  A22 - Q2m
A=

Am1 Am2 " Gmm
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Then,

where

ajl  ai12 A1m
G21 Q22 A2,
DetA = ]
Am1  Gm2 Qmm
a1 a12 ail a3 ail
G21  G22 21 (23 21
1 a1l a12 ail a3 ail
=5 azr  as2 asp @33 asy
an
a1 Qi i1 Qi3 | | Gu
Am1  Am2 m1  Om3 am1
Theorem 2.2(Omid and Rezaee): [0]
Consider A = (a;;) be an n x n matrix, then
[Mi1] [Min]
D@t(A) = M— Zf Mll,nn 7é 07
’ ll,rm’
a1 12 ai(;-1) A1(5+1)
21 22 az(j-1) A2(5+1)
Mij = |ag-11 -1y A(i-1)(j-1)  Qi-1)(+1)
GE+11 A@+1)2 A@i+1)(j=1)  A@+1)(j+1)
Qn1 An2 An(j-1) QAn(j4+1)
22 23 a2(n—1)
a3z Q33 a3z(n—1)
Mll,nn . .
A(n-1)2 Q(n-1)3 A(n—1)(n—1)

This formula is the same as Jacobean’s formula [4][8],[7].
Theorem 2.3(Jacobean): Let A = (a;;) be an n X n matrix, then

! /
a a
Det { 1 G

Ap1 Qpp

] = Det(intA).DetA,
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where
an ai2 T ai(j-1) A1(5+1) T a1n
a1 22 T Az(j-1) A2(j41) e Q2n
@i = | Q-1 Ae-1)2 ~* AE-1)(G-1) AE-1)G+1) " Ai-Dn |
A+ Aa+1)2 0 A61)(G-1) AE+D)G+H) 0 Ai)n
Qan1 Qn2 T QAn(j-1) An(j+1) T Qnn
a22 Q23 T a2(n—1)
a a S asg(n—_
and int(A) = ?2 ?3 _ 3(, b . Now we prove the following results.
A(p-1)2 Gn-13 " An-1)(n-1)

Theorem 2.4: Consider A = [a;;] be an n X n matrix, and M is a minor matrix of a matrix

A, then
Det(M) = Det(co(A)) = Det(adj(A)) = (Det(A))" !,

where
mi; Myg -+ Mip
Moy Mg -+ Moy
M = .
mMp1 Mpa - Mpn

Proof: We have

Det(co(A)) = Det(adj(A))

From the equation and we get

Ap=rradj(A) = I = Det(Apzm t(A)adj(A)) = Det(I)

Det(A)

= DetA———+Det(adj(A)) =1 = WDet(adj(A)) =1

(De tA)

= Det(adj(A)) = (DetA)"'. But cof(A) = (adj(A))T, therefore

Det(cof(A)) = Det(adj(A)) = (Det(A))" L. (4)

Now we prove that, Det(M) = Det(cof(A)).
Since

Det(M) = Z( ) M; Zc” —1)"Cy
=1
- Z HJ ¢i;C
- Z ) ey;C

= Det(cof( ).
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By using the equation (4f) we get,

DetM = Det(cof(A)) = Det(adj(A)) = (DetA)"* (5)
as desired.
From the above result we get the following result:
Theorem 2.5: Let A = (a;;) be an n x n matrix and M is its minor matrix, then the deter-
minant of minor matrix of M(a;;) is equal mj;
Proof: Since

ai a2 T A1(j-1) a1(j+1) T Q1n

agy a22 T A2(j-1) Az (j+41) T Q2n
M(ai;) = [my] = |ag-11 a@-12 ~* Ae-1)G-1) AE-1)G+) T AG—1)n
A+ Ae+n)2 0 A=) A+ GH) T Aitn
| Gn1 an2 T Ai(5-1) A5(541) T Ann |

Here, M(a;;) is of order (n — 1), therefore using Theorem 2.4, we obtain

Det(M (M (as;))) = (Det M(@w)))

But DetM (a;;) = mij, therefore Det(M (M (ai;))) = mi; ? as desired.

3 Main Result

In this section we present a new algorithm to compute the determinant of a matrix. This
theorem depends on the int matrix, minor matrix or both of them. The following result is the
generalization of the new approach given in ([6]).

Theorem 3.1: Let A = (a;;) be an n X n matrix and M is its minor matrix, then

Mg Mg
my; o My
Det(A) = 1— =1
Mk
where m;;, # 0.
Proof: By using Choi’s method we get,
miz Miz -+ Mip
Ma1 Mo -+ Moy
Det(M) = .
Mp1 Mp2 Mpn
mir Mi2 mip M3 | | M1 Min
ma1 Mg ma1  Ma3 Mma1 Map
1 mir M2 mir M3 | | M1 M
= Q=3 || M1 Ma32 m3y M33 m31 M3n
my
mir Mi2 mir Mz | | M1y Min
Mp1 Ma2 Mp1 Mp3 Mp1 Mpp
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where mq; # 0. Suppose that

Mg My
mp  m
Det(A) £ L —2 %
mijik
where
mij,lk?‘éo'

Puti,j=1,1€{2,3,...,n}and k € {2,3,...,n}, then

Det(A)mlLQQ Det(A)mngg
Det(M) 71#2 Det(A?m11,32 Det(A?mll,33
miy : :
Det(A)maine  Det(A)migns
Mi1,22 111,23
Det(M)#Det(f_):_l mi,32 m1'1,33
my
Mi1n2 MM11,n3

Therefore by using Theorem 1.5, we get

Det(M) # Det(A)"!

which is a contradiction. Thus

Mg Mg
my; o My
Det(A) = -
Mg ik

Theorem 3.2: If m;;;, = 0, in the Theorem 3.1, then

M Mk | _ 0
my; Mg
Proof: By using Theorem 3.1, we get
iy — 1 M4, (1) (j+1)
M5 (i41)(+1),(1—1) (k—1),lk Mij1(541)
My = 1 Mk, (i+1)5
M5, (i+1)(j+1),1—1) (k—1),lk Mk, 15
= 1 Mg i(j+1)
M5, (i+1) (+1),(1—1) (k=1),lk | TTU5,(1-1)(G+1)
and
My = 1 Mik,ij
Mg, (i4+1)(+1),(1=1) (k—1),1k | Tk, (1=1);
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Mg (i+1)k

Mk, 1(k—1)
Mk, (1-1)(k—1)

Det(A)mngn
Det(A)mllygn

Det(A)mH,,m

miion
mi1,3n

mll,nn

Mij ik

Mk, (i+1)(k—1)
Mk, l(k—1)

mijik
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Therefore

mlj

mig
mi

1

2
M5,(41) (j41),(1-1) (k—1) Ik

(M4, (i41) (1) a5 kT V0 35T (1—-1) (R —1)

= Mg, (i4-1) (G4+1) Mg 1Mk, (1—- 1) TV ki (k—1)
— M5, i+ 1) kM50 (G4+1) Tk, a5 VR, (1-1) (k—1)
+ M5, (i 1) R, 1 +1) Tk, (1— 1) TV i (ke —1)

— Mg

)

(i41)5 ik 1 (k—1) T, (j41) MU, (1- 1)k
+ Mk, (i41) ik 1(k—1) T,ik T, (1—1) (j+1)
+ Mk 1Mk, (i41) (k—1) TV i (j+1) TG, (1— 1)k

- mik,ljmik,(i—l—l)(k—l)mlj,ikmlj,(l—l)(j+1))-

But we observe that,

Therefore

mi;

Mij ik = Mik,ij = Mik,l; = Mijik-

2
Mik T (4 1) (1), (1= 1) (k—1) 1k

(P64 1) G )0 KU (1-1) (k1)

= M5, (i4-1) (G4+1) Mg 1k Mk, (1—-1) 5 TV K, i (k—1)
M5, (1) kMg (5+1) Mig ik MUk, (1-1) (k—1)
4 M5, (i4-1)kMi5,1(j+1) MUk, (1—1) UK i (k—1)
= Mk, (i41) ik 1 (k—1) 5,5 (j4+1) 5, (1- 1)k
& Mk (i41) 5 ik 1 (ke —1) g 1T, (1-1) (j+1)
+ 5 1Mk, (i4-1) (k—1) U5, (G+1) TG, (1= 1)k
(

2
— T Mk (i41) (k—1) UG, (1-1) (+1))

But m;; i, = 0, therefore

mij
mlj

mig
mi

1

2
M5,(41) (j41),(1-1) (k—1) Ik

(mz‘j,(iﬂ)kmij,l(jﬂ)muc,(zq)jmlk,i(kq)

— Mg (i+-1) Tk 1 (k—1) T (G+1) UG, (1= 1)k ) -

Since mij i 1)k = Mk, (i41)5, Mijl(i+1) = MUGIGH1), Tik,(1-1)] = T (1-1)k
and My i(k—1) = Mk (k—1), SO that

T, (i 1) kMg 1 (G+1) U, (1-1) 5 T Uk i(k—1) = ik, (i41) 5T Vik, L (k—1) 5,0 (G+1) TU5,(1- 1)k -

Thus

Mg My
mp My

=0
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as desired.
Corollary 3.1: Let A = (a;;)nxn and if mqq,, = 0, then

=0.

mi1r Min
Mmp1 Mpp

Theorem 3.2 Consider A = (a;;) be an n X n matrix, then

Mij Mk ‘
. my; Mg
lim X = Det(A).
Mgk =0 M5 1k
Proof: Considering Theorem 3.1, it is enough to prove that,
mi; Myk
my; Mk

Det(A) = lim

mij k=0 MMyj 1k

is exist. By using @, , and @, we get

lim Mg Mk | _ lim 5 L
gtk | TG e | k0 Mg IR Gy (), (1-1) (k—1), 1k
(mz‘j,(i—f—l)(j+1)mz‘j,lkmlk,ijmlk,(l—1)(k:—1)
— M (i4+1) (5 +1) Mg, Ik, (1—-1) Tk, i(k—1)
= M i+ 1)k 5, 1 (G4 1) MUk, Tk, (1-1) (k—1)
0451k i1 (+1) Uk, (1—1) T Uk, i (k—1)
= Mk, (i4+1) ik 1 (k—1) 05, (4+1) TG, (1-1)k
+ Mk, (i41) 5 ik 1(k—1) U, ik TV, (1— 1) (j+1)
& Mk 1Mk (i4+1) (k—1) 05,1 (5 +1) TV, (1- 1)k
- mik,ljmik,(iJrl)(kfl)mlj,ikmlj,(lfl)(jJrl))-
Using , we get
lim ! Mhij ik
Mz =0 Mgk | g Mk
1

= lim 5
Mgk =0 Mg kT (41) (j4+1),(1-1) (k—1), 1k

(mijv(i-i-l)(j+1)m?j,lkmlkv(l—l)(k—l)

= M5,(i41) (41) Mg Ik TR (1—-1) 5 TV K i (Re—1)
Mg, (i 1)k TT,0(541) T, U MUk, (1-1) (k—1)
& Mg (1) kMg 1 (+1) Tk, (1—1)5 MUk i (k—1)
= Mk, (i4+1) 5 Mik L (k—1) 5,45 (54+1) TG, (1-1)k

)J (
& Mk, (i41) Mk 1 (ke —1) Mg 1T, (1-1)

(
( (3+1)
4 45 1Mk, (i4-1) (k—1) 10,3 (5+1) T, (1- 1)k
m?j,lkmik,(iﬂ)(k 1)Mj,(1-1) +1))
Since Mg (i+1)k = Mik,(i+1)7> Migd(i+1) = MUGIG+1), TUk,(1-1)5 = TTUj,(1-1)k

and My i(k—1) = Mik,i(k—1), therefore

Mg (i41) kM5 1(54+1) Tk, (1—-1) Tk, i(k—1) = Tk, (i41)5 ik, 1(k—1) T3 (5+1) T3, (1 1)k -
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Thus
lim | T e ! (=705, 641 (1) Uk (11 i 1)
1 - : = — =M, (i4+1) (G +1) Mk, (1— 1) MUk i (k—1
mig k=0 Mgk | MG Uk | M5 1) (1), 1= 1) (k—1), 0k

= M5, (i4+1) kM50 (j4+1) Tk, (1-1) (k—1)
+ Mk, (i+1)5 ik 1 (k—1) T, (1-1) (j+1)
+ ik (41 (h—1) UG G41) UG (1= 1))
Therefore
mg; Mg
my; My

. 1
lim
Mgk =0 M5 1k

exists as desired.
Corollary 3.2: Consider A = (a;;) be an n x n matrix, then

miip Min
Mp1 Mpp

1
lim
mll,nn—>0 mn’nn

= Det(A). (11)

4 Conclusion

In this work we generalized the method given by Omid Rezaiver and Hossein Rezaee [6].
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